The time dependence of the self-diffusion coefficient D(t) in porous media is investigated by Monte Carlo simulation of autocorrelation functions ͗f(t)f(0)͘, where f(t) is the force of interaction between a molecule and the surface at time t. At short times, D(t) is governed by the surface population of the molecules and the probability of their return to the surface. At times tϾt*, where t* is the characteristic time for the autocorrelation function to converge to zero, the apparent dynamics of the molecules is completely determined by the geometry of the surface on the length scale of ͱD 0 t*, where D 0 is the bulk self-diffusion coefficient. D(t) in this limit is the sum of a constant D ϱ ϭlim t→ϱ D(t) and a time-dependent term R p 2 /2d•t, where R p 2 is the mean-squared size of an effective unit cell of the porous space and d is the dimensionality of the space. The meaning of tortuosity for self-diffusion is discussed.
I. INTRODUCTION
The relation between molecular displacement and the geometry of the confined regions where diffusion takes place is a common problem in a wide range of physical applications. The quantity of particular interest is the self-diffusion coefficient D that, for liquids confined in porous media, is often dependent on the diffusion time t. Hence, D(t) can be used to characterize the structure of porous materials. A favorable method for measuring D(t) is NMR diffusometry, which provides the information about mean-square displacement on the length scale of 10 -2 Ϫ100 m, 1,2 covering the size of the characteristic elements in many of the natural and manufactured porous materials.
Geometrical restrictions of the medium lead to a D(t) that decreases with time, depending on the dimensionless parameter ϭD 0 t/L 2 , where D 0 is the bulk self-diffusion coefficient and L is the characteristic distance within the volume element of the porous space. The short-time behavior of D(t) at Ӷ1 characterizes small ͑much less than the dimension of the pores͒ displacement. To ӷ1 belongs the longtime limit when all molecules have sufficient time to experience many collisions with the wall and Ϸ1 describes the crossover regime from short to long diffusion times. It was shown that these different time scales are related to some specific characteristics of the porous medium. On the shorttime scale, an exact relation was found 3, 4 between D(t) and the structural parameter of surface-to-volume ratio S/V. Another favorable situation appears for nonpermeable or closed types of porous systems at long diffusion times, where the diffusion becomes ''completely restricted'' and the characteristic mean-squared size R p 2 of the confinement can be obtained. [5] [6] [7] The situation is different for materials with interconnected pores where at long times D(t) reaches a plateau value D ϱ that is related to tortuosity I of the porous space and reflects both the connectivity of the porous network and the curvature of the surface. [8] [9] [10] [11] The crossover from the short-time to the long-time behavior is less investigated in such systems. 12 Often, one chooses to describe D(t) by the relation D(t)ϰt (2Ϫd w )/d w with the anomalous diffusion exponent d w Ͼ2, where d w can be apparently related to the fractal geometry of the porous space or surface, the ratio of the radius of diffusing species to the pore radius, and so on. [13] [14] [15] [16] As it can be seen from this quick review, there is no general approach for describing the complete time dependence of the self-diffusion coefficient in porous structures. To be able to do that, one must know the conditional probability P(r 0 ͉r,t) for a molecule starting at the position r 0 to move to position r over time t. In bulk liquids, P(r 0 ͉r,t) is the well-known Gaussian solution of the diffusion equation for infinite space
where D 0 is the molecular self-diffusion coefficient. The influence of confinement on the molecular displacement in a heterogeneous medium is introduced via appropriate boundary conditions for the diffusion equation, but exact solutions can only be found for some very simple geometries. A more general approach is available through the Smoluchowski equation with a random force f(r),
where f(r)ϭϪ‫ץ‬U(r)/‫ץ‬r, U(r) is the random potential induced by a solid wall at point r, k is the Boltzmann factor, and T is the temperature. Recently, 17 the solution of Eq. ͑2͒ for the self-diffusion coefficient was found in the form
where d is the dimensionality of the space. In this approach, the normalized autocorrelation function,
describes the decay of correlation between the forces induced by the surface at the starting time and at time t. The normalization constant V is equal to the total pore volume. Thus, the geometry of the heterogeneous medium, as well as the conditional probability P(r 0 ͉r,t), are enclosed in G(t). Equation ͑3͒ gives a tool to clarify the influence of the details of the molecule-solid interaction on the self-diffusion coefficient. Despite some attempts 18 for predicting the limiting behavior of G(t), its complete time dependence for different microgeometries is not known and investigations in this field are vital. In this paper, we report results of Monte Carlo simulations of the autocorrelation function G(t) in closed and interconnected porous model structures and, through Eq. ͑3͒, we discuss the peculiarities of the self-diffusion in those systems.
II. SIMULATION DETAILS AND RESULTS

In order to calculate the autocorrelation function G(t)
we have assumed that the force f͑r͒ϭ␣ kT b n͑r͒͑r͒ ͑5͒
acts upon the particle in the surface layer of thickness b adjacent to the wall; ␣ is a constant that describes the magnitude of solid-particle interaction, n(r) is the normal unit vector to the surface at r, (r) is equal to 1 if r is in the surface layer and zero otherwise. Using Eq. ͑5͒ and the fact that value of the random force is nonzero only inside of the surface layer of total volume S•b (S is the total surface area͒, Eq. ͑4͒ for an isotropic system can be rewritten as
where the surface orientation autocorrelation function C(r) and the average propagator P(r,t) are defined by
Hereafter we shall use the notation ͗cos (t)͘ for the integral in Eq. ͑6͒, where (t) is the angle between n(r 0 ) and n(r) and the bracket ͗•••͘ denotes an averaging over all initial positions at the surface and random trajectories of the particle. Hence, the autocorrelation function G(t) in our calculations has the final form
͗cos ͑t͒͘.
͑8͒
The simulation procedure used an ensemble of random walkers in model porous structures. Because G(t) depends only on the cosine of an angle between two normal vectors, calculations were carried out only in two dimensions, keeping in mind that diffusion in three dimensions leads to qualitatively equivalent results. The particle performing the random walks is assumed to start at the initial position r 0 ϭ(x 0 ,y 0 ). The displacement steps of fixed length l occur with the cycle time in random directions characterized by angle relative to an external reference direction. In the following, all numerical values will be given in the units of l and . During each cycle time, is set randomly to 0р Ͻ2 with the aid of two independent random-number generators, of which the first selects a random number of a series generated by the second. Thus, the position of a random walker after the ith step is expressed in orthogonal Cartesian coordinates as x i ϭx iϪ1 ϩl cos and y i ϭy iϪ1 ϩl sin . In the case of unrestricted diffusion, this algorithm gives a constant self-diffusion coefficient D 0 ϭl 2 /4. An ensemble of Nϭ10 6 independent particles was considered to obtain the effective self-diffusion coefficient after time tϭi• as
and the ͗cos (t)͘ function as ͗cos ͑t͒͘ϭN
where (t)ϭ1 if the position of the particle belongs to the surface layer of thickness b at the time t and zero otherwise. At the initial time, all particles are assumed to uniformly cover the surface layer; this initial condition is sufficient to find ͗cos (t)͘. On the other hand, the particles must initially fill the whole pore volume to obtain D(t). In the simulations the step length l and the surface layer thickness b were equated for simplicity, i.e., bϭl.
At the wall a blind reflection 19 was applied; when a particle tries cross the interface the walker returns to its attempt position and the clock advanced by one time step . In order to represent the repulsive effect of the surface on a particle we have also applied a ''forced'' reflection, where a particle encountering the surface layer contributes to the autocorrelation function in accordance with Eq. ͑10͒ and then the distance of the particle from the wall is increased to l without changing of the clock. From this position the particle can jump with equal probabilities back to the surface layer or to the free space. Simulations were carried out for two types of model porous systems; isolated spherical cavities of radius R and an infinite set of spherical cavities of radius R interconnected by tubes of diameter ␦ and length L ͑Fig. 1͒. In the latter case, a single unit cell with periodic boundary conditions was used. 20 In the simulations the step length l and cycle time were taken to be equal to 1 ͑several simulations with the smaller step length showed no appreciable changes in the final result for the all simulated geometries͒.
III. DISCUSSION
A. The short-time self-diffusion coefficient
The simulated ͗cos (t)͘ and D(t) for particles diffusing inside a spherical cavity of radius Rϭ300 are presented in Fig. 2 . The ͗cos (t)͘ functions ͓Fig. 2͑a͔͒ decay with increasing time and found to depend on the characteristics of the simulated particle-wall interaction. In contrary, functions D(t) ͓Fig. 2͑b͔͒ are found to coincide for tр10 4 . For R ϭ300, this temporal region corresponds to Ϸ0.028, indicating that the condition for short-time diffusion is fulfilled. Because of the small displacements of the particles during the observation time, the effect of surface curvature can be neglected, i.e., cos (t)ϭ1 whenever the particle encounters the surface layer. Thus, the averaging of function ͗cos (t)͘ at short times will be determined only by the probability P s (t) of the particle initially starting from the surface and returning to the surface at the time t, i.e., ͗cos (t)͘ϭP s (t).
The function P s (t) is a known quantity for the semi-infinite space 21 and for bӶR it is
͑11͒
(Kϭ1 introduced here only for later use͒. The dependence P s (t) is given in Fig. 2͑a͒ for comparison. Simulated data on ͗cos (t)͘ for both type of particle-wall interactions can be well described by Eq. ͑11͒, where Kϭ1Ϯ0.01 is for blind reflection and Kϭ0.5Ϯ0.01 for ''forced'' reflection. ͓Addi-tional simulations carried out in different geometries showed that a minor deviation of the simulated ͗cos (t)͘ in Fig. 2͑a͒ from t Ϫ0.5 is a property of spherical symmetry of the closed porous space.͔ Hence, according to Eqs. ͑8͒ and ͑11͒, the autocorrelation function in the short-time limit can be written as
. ͑12͒ 
where the difference to the well-known form 3,4 is the presence of the factor ␣ 2 K. We have plotted in Fig. 2͑b͒ the dependence D(t) ͓Eq. ͑13͔͒ for ␣ 2 Kϭ1 ͑solid line͒ and for ␣ 2 Kϭ1Ϯ0.1 ͑dotted lines͒ for comparison. The expression Eq. ͑13͒ for magnitude of the ratio ␣ 2 Kϭ1 well fits the directly simulated data on self-diffusion coefficient for both types of molecule behavior at pore-solid interface and, thus, Eq. ͑13͒ became to be in complete agreement with the expression found by Mitra et al. 3, 4 This finding allows us to make an important conclusion: the self-diffusion coefficient is not sensitive to the strength of the repulsive interaction induced by the solid wall. It can be explained in the following way: the stronger the repulsive force of the surface, the less is the probability of the particle returning to the surface. For that reason, all subsequent data for the blind reflection only will be given and the parameters ␣ 2 and K will be omitted in the formulas.
B. The long-time self-diffusion coefficient
Out of the range Ӷ1, ͗cos (t)͘ deviates from the behavior described by Eq. ͑12͒. This is clearly shown by the simulated ͗cos (t)͘ function for spherical cavities with radii that are in the order or smaller than the average displacement of the particles during the observation time ͑Fig. 3͒. Qualitatively, the same behavior is observed for interconnected structures ͑Fig. 4͒ where typical calculated functions ͗cos (t)͘ are presented for certain values of L and ␦ ͑recall At a certain time t* that depends on the geometry of the confinement, all functions ͗cos (t)͘ decay to zero, i.e., at time t* all molecules have completely lost the information about their initial state ͑the direction of the force͒. Hence, the integral
is an increasing function of time that reaches a constant value I*ϵI(t*) at time t* for all types of porous structures ͑Fig. 5͒. According to Eq. ͑3͒, t* can be defined as a measure of the beginning of long-time behavior of the self-diffusion coefficient where the local geometry of the confinement does not anymore contribute to D(t). ͑We wish to emphasize that we do not consider fractal structures.͒ In Fig. 6 
the directly simulated D(t) is plotted in comparison to D(t) calculated
through Eqs. ͑3͒ and ͑8͒ using the ͗cos (t)͘ data given in Fig. 4 . First, it should be emphasized that Eq. ͑3͒ gives exactly the same behavior of D(t) as the directly simulated time dependence of the self-diffusion coefficient. Indeed, this result further strengthens our confidence in describing the effect of obstructions by force-force autocorrelation function 17 as presented in Eq. ͑6͒. Another conclusion is that Fig. 1 with Rϭ20, Lϭ5 and ␦ϭ0, 4, and 16, simulated using Eq. ͑9͒ ͑filled circles͒ and calculated through Eqs. ͑3͒ and ͑8͒ using the appropriate data on ͗cos (t)͘ ͑lines͒.
for interconnected porous structures, t* is shorter than the time of which the plateau value (D ϱ 0 for ␦Ͼ0) of D(t) at long times.
Let us derive the expression for D(t) in the long-time limit, i.e., for tϾt*. Since G(tϾt*)ϭ0, Eq. ͑3͒ can be represented as consisting of two parts,
͑15͒
where
is a constant that depends on the local geometry. In Fig. 5 , the dashed line corresponds to the value (d/D 0 )(V/S) ϭ(2/0.25)•(20/2)ϭ80 for the two-dimensional sphere of radius Rϭ20. The plateau value of simulated I(t) for this structure at long times tend to be equal to this value within the accuracy of simulation. Thus, for closed pores we obtain from our simulations
and, consequently, we arrive to lim t→ϱ D(t)ϭ0 ͓the first term on the right-hand side of Eq. ͑15͒ is zero͔. The obtained relation has an important meaning: in closed porous systems the molecules must explore ͑by diffusion͒ the whole specific surface S/V to ''forget'' completely the initial direction of the force acting upon them by the wall. In contrast, for interconnected geometries I con * ϽI closed * as illustrated in Fig. 5 . The reason for this is that in an interconnected porous system molecules have the possibility to encounter a neighboring pore and average (t) faster than it would be done by reaching the opposite side of the same pore. In other words, they need to explore less of the specific surface S/V before losing the memory of their initial state. Through Eq. ͑15͒, this gives the key to understanding of relation between the tortuosity I and the long-time selfdiffusion coefficient lim t→ϱ D(t)ϭD ϱ in permeable porous structures,
͑18͒
Expressed as in Eq. ͑18͒, tortuosity is a measure of the part of the specific surface that is explored by the molecules before losing their memory about orientation of the surface at their initial position. This argument can be used to explain of the observed rapid crossover from the short-time to longtime limit in some systems, 12 i.e., D(t) reaches D ϱ at times that are required to diffuse to the neighbor pore that is sufficient to explore the details of local geometry.
Using Eqs. ͑15͒ and ͑17͒, D(t) for a closed pore at long times can be rewritten as
͑19͒
Hence, the mean-squared displacement ͗r 2 (t)͘ϭ2dD(t)t calculated from Eq. ͑19͒ is
where ͗r 0 2 (t*)͘ denotes the mean-squared displacement in bulk at time t*. Note that the right-hand side of Eq. ͑20͒ is a constant. Thus, we reproduce a well-known fact that in enclosed pores the mean-squared displacement at long times reaches a constant value R p 2 and Eq. ͑20͒ is another representation of an expression usually used to define R p 2 ,
where (r) is the equilibrium distribution function. Equation ͑20͒ points out that, from the dynamical point of view, R p 2 represents the mean squared displacement of the molecules reduced from the bulk value during t* by a figure that reflects the average rate of decreasing the correlation function of the acting force. Similarly to Eq. ͑19͒, we can obtain D(t) for interconnected structures using Eqs. ͑15͒ and ͑18͒,
It is different from the previous results obtained by calculations for diffusion on lattices with random barriers 22 or in dilute suspension of reflecting spheres, 23 where it was shown that self-diffusion coefficient reaches a long-time asymptote as
where the coefficients C i are assumed to depend on the details of the geometry. One of the important consequences of Eq. ͑22͒ is that in the long-time range the observed selfdiffusion coefficient is a sum of two components: D ϱ and a function that is proportional to t Ϫ1 . This second term is inherent to obstructed diffusion and permits extracting the geometrical characteristics of the confinement R p 2 , which is defined as in Eq. ͑20͒. Note that for interconnected structures the representation of R p 2 in the form of Eq. ͑21͒ assumes the integration over a sphere of radius ͱ2dD 0 t* and, thus, reflects the characteristic size of an effective unit cell of the porous space. One may show using Eqs. ͑22͒ and ͑20͒ that R p 2 can be obtained from experimental data using the relation
at times tϾt*. It should be pointed out that application of the operation similar to Eq. ͑24͒ for determination of the characteristic size of the restrictions has already been proposed 7 using a scaling approach and used for assessing the size of the biological cells 24 and of domains in partially crystalline structures. 25 As an example, the calculated func-tions D(t) given in Fig. 6 and redrawn as (D(t)ϪD ϱ )
•(1ϪD ϱ /D 0 ) Ϫ1 against t are presented in Fig. 7 . The values of D ϱ have been chosen to provide the slope t Ϫ1 at long times and found to be equal to the obtained values from 
͑25͒
and D(t) in the long-time limit as given by Eq. ͑22͒. The comparison yields the formal representation of the diffusion propagator at times tϾt*, P͑r 0 ;r,t ͒ϭ P ϱ ͑ r 0 ;r,t ͒ϩS͑ r 0 ,r͒, ͑26͒
where P ϱ (r 0 ;r,t) is the Gaussian propagator
and S(r,r 0 ) is a function that depends solely on the geometry of the porous space. The function S(r 0 ,r) can be obtained directly by PFG NMR. In fact, the signal attenuation in an NMR diffusion experiments is 1 E͑q,t ͒ϭ ͵ ͵ ͑r 0 ͒P͑ r 0 ;r,t ͒
where q is the wave vector defined in the experimental setting. Under the conditions of Eq. ͑26͒ and the assumption that the medium is macroscopically isotropic, i.e., S(r 0 ,r) ϭS(rϪr 0 ), one can show that the echo attenuation for interconnected porous systems at times tϾt* is equal to
where F(q) is the Fourier power spectrum of the crosscorrelation function ͐d 3 r 0 (r 0 )S(r 0 ϩr). In the tӷt* limit we reproduce the well-known fact 1,3 that the echo attenuation depends purely on the geometry of the porous space where diffusion takes place and is independent of the details of molecular motions. If the geometry shows some periodicity diffusive diffraction effects are observed. In the low q limit, we obtain D(t)ϭD ϱ as expected.
IV. CONCLUSIONS
It was previously shown that the time dependence of the self-diffusion coefficient in heterogeneous structures is completely determined by the force-force autocorrelation function ͗f(0)f(t)͘. 17 In this work we have Monte Carlo simulated ͗f(0)f(t)͘ for models of closed and interconnected porous systems and found that ͗f (0) The results show that the short-time behavior of D(t) is governed by the surface population of the molecules and, hence, the specific surface S/V of the porous space and their return probability to the surface at time t. The final shorttime expression for D(t) for a flat surface is in agreement with the previous findings.
3, 4 As time increases, the molecular displacements become large enough to sample the deviation of the surface orientation from that of the initial. Hence, the surface curvature starts to affect D(t). At long times, this phenomenon leads to a complete decay of the autocorrelation function ͗f(0)f(t)͘ of time t*. Time t* is an important measure that indicates the beginning of long-time limit for D(t) and it is less than the time at which D(t) reaches D ϱ . For times tϾt*, the self-diffusion coefficient is the sum of the value D ϱ and another term that is proportional to t Ϫ1 . The coefficient of proportionality reflects the average rate of losing the correlation in the direction of the acting force and is closely related to local mean-squared size R p 2 of the porous space. A method for measuring R p 2 from experimental D(t) data is proposed, which can be applied for the wide range of systems, such as porous materials, polymer networks, and biological systems. The finding that in the long-time limit self-diffusion coefficient is a sum of two parts is useful not only for the determination of the characteristic size of the restrictions, but also for the estimation of D ϱ for structures with high permeability. Qualitatively, the long-time selfdiffusion coefficient D ϱ is governed by that part of the specific surface S/V of the porous space that is explored by the molecules before losing their memory about the surface orientation at the initial position. For closed pores, all surface positions have to be explored to completely lose correlation.
Ϫ1 for the porous structure in The connectivity of the porous space allows molecules to explore less surface by losing orientational correlation via encountering neighboring pores or volume domains with comparatively different surface orientation.
The obtained results warrant discussion of the so-called ''anomalous diffusion.'' We have shown that starting at time t* the mean-squared displacement of the molecules ͗r 2 (t)͘ is the sum of two functions, one of which is proportional to t 0 and second one to t 1 . These features are inherent to ''normal,'' Gaussian diffusion, in a regular array of obstructions. However, by observing time-dependent self-diffusion coefficient in such systems one may erroneously conclude of observing ''anomalous diffusion.'' In our opinion, ''anomalous diffusion'' should be reserved for describing experimental functions where the underlying molecular process truly exhibits non-Gaussian statistics. To distinguish between these two situations, diffusion data in a whole range of diffusion times tϾt* are required that can then be processed as prescribed by Eq. ͑24͒ and illustrated by Fig. 7 .
The intermediate region of D(t) is the most complicated one to analyze and is completely governed by the local geometry of the porous space on length scales below ͱ2dD 0 t*. In this paper, the details of the geometry are described by the surface orientation autocorrelation function and in derivation of D(t) only the surface coordinates are considered. Thus, only the ''surface part'' of the conditional probability P(r 0 ,r,t) or its projection into the surface should be known. This approach differs from previous ones where the volume characteristics are used to describe the selfdiffusion in heterogeneous media.
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